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ABSTRACT
We present a numerical method for optimizing sources of bipho-
tons and heralded single photons based on spontaneous para-
metric down-conversion (SPDC) coupled into single-mode fibers
(SMF) [1], shown in Fig. 1. Our approach enables us to calcu-
late efficiently with low computation power the complete wave
function of the generated state in the spectral domain. This pro-
vides a tool to analyze a number of performance criteria such
as source brightness and spectral correlations within generated
pairs, which has been applied to both type I [2] (see Fig. 2) and
type II [3] (see Fig. 3) configurations. By avoiding some of crude
approximations used previously [4], our model provides reli-
able results in a broader range of parameters of the experimental
setup.

INTRODUCTION
We consider a χ(2) nonlinear crystal of thickness L pumped
by a pulsed gaussian beam of pulse duration τp and beam
waist wp. Generated photons are coupled into SMF. Our
objects of interest are the spectral wave function ψ(ωs, ωi)
of the photon pair and the reduced density matrix ρ(ω, ω′)
of single photons for spatial modes defined by SMF.

FIGURE 1: Geometry of the photon source under considera-
tion. For a type-II process, coupling lenses are additionally
preceded by birefringent compensating crystals and polar-
izers.

APPROACH
Steps:

•We parameterize the biphotons with their frequencies ωs, ωi
and transverse wave vectors ks⊥,ki⊥, where s and i corre-
spond to the signal and the idler fields [5].

• The complete biphoton wave function parameterized with
(ωs,ks⊥; ωi,ki⊥) involves an integral over the volume of the
crystal of triple products of plane waves exp[i(klzz + kl⊥r⊥)],
l = p, s, i, where p corresponds to pump pulse.

• Integral over r⊥ yields conservation of the transverse momen-
tum: kp⊥ = ks⊥ + ki⊥.

•Analogously, integration over time gives ωp = ωs + ωi.

• The biphoton wave function inside SMF is obtained by per-
forming projection onto spatial modes determined by the
fibers.

• Longitudinal spatial frequencies klz are functions of ωs, ωi and
ks⊥,ki⊥.

• The relevant ranges of ks⊥ and ki⊥ are restricted by the fiber
modes.

• This justifies quadratic expansion of klz in ks⊥ and ki⊥ around
central collection directions; the dependence on ωs and ωi is
kept exact, retaining all the orders of dispersion.

•Assuming the Gaussian shape of fiber and pump modes,
all the integrals in transverse xy degrees of freedom can be
evaluated analytically yielding the two-photon wave function
ψf (z; , ωs, ωi) generated by a slice (z, z + dz) of the crystal [6].

• The total generated wave function is thus given by a single
integral over z:

ψf (ωs, ωi) =

L/2∫

−L/2

dz ψf (z; , ωs, ωi)

which can be efficiently evaluated by numerical means.

PERFORMANCE CRITERIA
•We define the source brightness as the photon pair generation

rate p2 = 〈ψf |ψf〉.

• Exploiting Schmidt decomposition [7, 8] we may rewrite the
biphoton wave function in the following way:

ψ(ωs, ωi) = N
∞∑

n=0

√
ξnφn(ωs) φn(ωi)

where {φn(ω)} is a set of orthogonal modes, and {ξn} are prob-
abilities of generating the nth pair of Schmidt modes. After
signal photon detection the idler photon is described by a con-
ditional density matrix of the form:

ρi(ω, ω′) =
∑
n

ξnφn(ω) φ∗n(ω′)

The probability ξ0 of the dominant Schmidt mode φ0(ω) char-
acterizes the purity of the heralded photon state as well as
the degree of spectral decorrelations within the biphoton wave
function.

The biphoton production rate p2 and spectral correlations ξ0 de-
pend on four experimental parameters:
• pump beam waist – wp

• pulse duration – τp

• crystal thickness – L

• crystal cut angle – θc

An analytical form of the biphoton wave function can be de-
rived in the limiting case when the phase matching condition
is satisfied for all relevant wave vectors and frequencies, i.e.
kpz − ksz − kiz ≡ 0. In this regime, the generation probability
is maximized for the ratio of the collection mode and the pump
beam waists equal to wf/wp = 2, and the photons are spectrally
decorrelated when

cτp
wp

=

√
2

3
no(ω0)α

These two observations serve as a starting point in the numerical
optimization procedure.

MAIN RESULTS

FIGURE 2: Absolute value of wave function of biphotons
generated in type I nonlinear crystal of thickness L = 1mm
and cut angle θc = 29.7◦, pumped by a pulse of τp = 100fs
duration and a beam waist wp = 155µm. a) Pump pulse
spectrum is broad, b) pump pulse spectral bandwidth com-
parable with the crystal phase matching bandwidth, c)
pump pulse spectral bandwidth and beam width giving
spectral decorrelation c) strongly focused pump beam com-
bined with spectral filtering of biphotons.
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FIGURE 3: Contour plots of joint spectrum of photon pairs
generated in type I crystal. Plot a) shows experimental out-
comes from [2] for L = 1mm, θc = 29.7◦, wp = 155µm,
τp = 100fs. Plot b) presents theoretical predictions based
on our model [1].

FIGURE 4: Contour plots of joint spectrum of photon pairs
generated in type II crystal. Plots show theoretical predic-
tions for nonlinear crystal of thickness L = 2mm and cut
angle θc = 43.6◦ pumped by beam of τp = 100fs pulse dura-
tion and wp = 50µm waist. Polarizers orientations are a) 45◦
and−45◦ b) 0◦ and 90◦ . The calculated spectra are in good
agreement with experimental results [3].
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FIGURE 5: The contour plot shows how the first coeffi-
cient in the Schmidt decomposition ξ0 depend on a beam
waist wp and pulse duration τp for fixed crystal parameters
L = 1mm and θ = 30◦. Within the region ξ0 > 0.999, bipho-
ton production rates are given for values of (wp, τp) marked
with dots.

CONCLUSIONS
•We have presented a computationally efficient method of eval-

uating joint spectrum of photon pair generated in the process
of SPDC.
•We derived an approximate analytical expression for setup pa-

rameters that optimize the brightness of the photon source and
the spectral purity of heralded photons.
• The optimal way to construct a bright source of spectrally un-

correlated photon pairs is to strongly focus the pump beam
and apply interference filters.
• The absence of spectral correlations allows one to prepare her-

alded photons in a spectrally pure state, which is necessary
to achieve high-visibility multiphoton interference between in-
dependent sources.
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