
1Plethysm and Symplectic ModelsB.G.WybourneInstytut Fizyki, Uniwersytet Miko laja Kopernikaul. Grudzi�adzka 5/787-100 Toru�nPolandThe use of the operation of plethysm in physics was recognised veryearly by Vladas Vanagas. This paper is dedicated to his memory.AbstractThe implementation of symplectic models of nuclei and quantum dots requires the evaluation ofplethysms of the fundamental irreducible representations of the non-compact group Sp(2n;R).A method of making such evaluations is outlined and illustrated by a brief example.1. IntroductionThe non-compact symplectic group Sp(2n;R) plays a key role in symplectic models of nuclei1;2 andquantum dots3�7. An important problem in the implementation of the symplectic model is the resolutionof symmetrised Kronecker powers7�10 of Sp(2n;R) into irreducible representations of Sp(2n;R). Hereinwe outline a procedure for resolving such symmetrised powers which has recently been implemented inthe computer package SCHUR11.2. The Sp(2n;R) ! U (n) Branching RuleThe general problem of the Sp(2n;R) ! U (n) reduction has been studied in some detailed12;13 and hasbeen implemented6 in SCHUR. Under that restriction the two fundamental irreducible representationsof Sp(2n;R) decompose as < 12(0) >!" 12 (f0g+ f2g+ f4g+ : : : (1)< 12(1) >!" 12 (f1g+ f3g+ f5g+ : : : (2)and in general < k2 (�) >! " k2 � ff�sgkN �DNgN (3)where N = min(n; k), f�sgk is a signed sequence12 of terms �f�g such that �[�] is equivalent to [�]under the modi�cation rules14�16 rules of the group O(k), DN is the in�nite S�function series indexedby even partitions into not more than N parts. The �rst � indicates a product in U (n) and the second �in U (N ) as implied by the �nal subscript N .Equations (1) to (3) involve in�nite series of irreducible representations of U (N ) and in any practicalcalculation must be truncated at some bound.3. Evaluation of Plethysms for Sp(2n;R)Central to our analysis is the fact that the labelling of the unitary positive discrete series of irreduciblerepresentations of Sp(2n;R) is chosen so that under Sp(2n;R) ! U (n) the lowest weight irreduciblerepresentation of U (n) appearing in the reduction of < k2 (�) > is " k2 f�g with unit multiplicity. Notingthe preceding we are led to the following algorithm for determining the Sp(2n;R) content of an arbitrarySp(2n;R) plethysm < k2 (�) > 
f�g up to a chosen cuto�:-Algorithm1. Evaluate the U (n) plethysm f�g 
 f�g up to terms of the maximum desired weight to produce alist (U) of U (n) irreducible representations.2. Let (S) be a null set of Sp(2n; r) irreducible representations.3. Select the set (W ) of lowest weight U (n) irreducible representations contained in the list U .



2 4. Associate each member f�g of the set W with the Sp(2n;R) irreducible representation < �(�) >where � = k2 �w� (4)with w� being the weight of the partition (�). These Sp(2n;R) irreducible representations belongto a set S1. Put S = S + S1.5. Perform the reduction Sp(2n;R) ! U (n) for the set S1 to produce a list U1 of U (n) irreduciblerepresentations and put U = U � U1.6. Repeat 3 to 5 until (U ) becomes an empty set. Then the set (S) of Sp(2n;R) irreducible repre-sentations is the desired result.4. An ExampleIn n�particle systems the SU (2) � Sp(6; R) plethysms of the type[(f1g < 12 ; (0)) + (f1g < 12 ; (1) >)]
 f1ng= nXr=0[(f1g < 12; (0))
 f1n�rg � (f1g < 12; (1) >)] 
 f1rg (5)where f1g is the basic representation of SU (2), play an important role. To evaluate Eq.(5) we mustbe able to calculate plethysms of the type < 12 ; (0) > 
f�g and < 12 ; (1) > 
f�g In electron systemssuch as arise in three-dimensional quantum dots antisymmetrization restricts the f�g to partitions of theform (2s1r). For a six-particle system this would require the evaluation of plethysms involving partitions(�) = (0); (1); :::; (2s1r) where 2s + r = 6. By way of an example we give a tabulation of the Sp(6; R)plethysms for (� = (23); (2212); (214); (16) evaluated to weight 12 using the above algorithm.



3< 12 ; (0) > 
f23g = < 3; (12 ) > + < 3; (11 1) > + 4 < 3; (10 2) > + < 3; (10 12) >+ 3 < 3; (93) > + 4 < 3; (921) > + < 3; (91) > + 5 < 3; (84) >+ 4 < 3; (831) > + 4 < 3; (822) > + < 3; (82) > + < 3; (812) >+ < 3; (75) > + 4 < 3; (741) > + 2 < 3; (732) > + < 3; (73) >+ 2 < 3; (721) > + 2 < 3; (62) > + 2 < 3; (651) > + 3 < 3; (642) >+ < 3; (64) > + 2 < 3; (631) > + < 3; (62) > + < 3; (52) >+ < 3; (541) > + < 3; (532) > + < 3; (521) > + < 3; (43) >+ < 3; (42) > + < 3; (422) >< 12 ; (1) > 
f23g = < 3; (10 2) > + 2 < 3; (10 12) > + 2 < 3; (93) > + 4 < 3; (921) >+ < 3; (84) > + 4 < 3; (831) > + 2 < 3; (822) > + < 3; (82) >+ 2 < 3; (75) > + 4 < 3; (741) > + 2 < 3; (732) > + 2 < 3; (721) >+ 2 < 3; (651) > + < 3; (642) > + < 3; (64) > + < 3; (632) >+ < 3; (631) > + 2 < 3; (622) > + 2 < 3; (522) > + < 3; (541) >+ < 3; (521) > + < 3; (422) > + < 3; (23) >< 12 ; (0) > 
f2212g =2 < 3; (11 1) > + 3 < 3; (10 2) > + 4 < 3; (10 12) > + 6 < 3; (93) >+ 7 < 3; (921) > + < 3; (91) > + 4 < 3; (84) > + 9 < 3; (831) >+ 2 < 3; (822) > + 2 < 3; (82) > + < 3; (812) > + 4 < 3; (75) >+ 7 < 3; (741) > + 5 < 3; (732) > + 2 < 3; (73) > + 3 < 3; (721) >+ 4 < 3; (651) > + 2 < 3; (642) > + 2 < 3; (64) > + 2 < 3; (632) >+ 3 < 3; (631) > + 2 < 3; (622) > + < 3; (612) > + 2 < 3; (522) >+ < 3; (543) > + 2 < 3; (541) > + < 3; (532) > + < 3; (53) >+ < 3; (521) > + < 3; (422) > + < 3; (431) > + < 3; (322) >< 12 ; (1) > 
f2212g =2 < 3; (10 2) > + 2 < 3; (10 12) > + 2 < 3; (93) > + 7 < 3; (921) >+ 3 < 3; (84) > + 6 < 3; (831) > + 5 < 3; (822) > + < 3; (812) >+ 2 < 3; (75) > + 7 < 3; (741) > + 3 < 3; (732) > + < 3; (73) >+ 3 < 3; (721) > + < 3; (62) > + 4 < 3; (651) > + 5 < 3; (642) >+ 2 < 3; (631) > + < 3; (622) > + < 3; (52) > + < 3; (543) >+ 2 < 3; (541) > + < 3; (532) > + < 3; (521) > + < 3; (43) >+ < 3; (422) >< 12 ; (0) > 
f214g = < 3; (10 2) > + 2 < 3; (10 12) > + 2 < 3; (93) > + 3 < 3; (921) >+ 2 < 3; (84) > + 5 < 3; (831) > + < 3; (822) > + < 3; (812) >+ < 3; (75) > + 4 < 3; (741) > + 3 < 3; (732) > + < 3; (73) >+ < 3; (721) > + < 3; (62) > + < 3; (651) > + 2 < 3; (642) >+ < 3; (632) > + 2 < 3; (631) > + < 3; (543) > + < 3; (541) >+ < 3; (532) > + < 3; (432) > + < 3; (431) >< 12 ; (1) > 
f214g = < 3; (10 12) > + 3 < 3; (921) > + < 3; (84) > + 3 < 3; (831) >+ < 3; (822) > + < 3; (75) > + 4 < 3; (741) > + 2 < 3; (732) >+ < 3; (721) > + 2 < 3; (651) > + 2 < 3; (642) > + < 3; (631) >+ < 3; (622) > + < 3; (543) > + < 3; (541) > + < 3; (422) >< 12 ; (0) > 
f16g = < 3; (831) > + < 3; (741) > + < 3; (732) > + < 3; (632) >+ < 3; (422) >< 12 ; (1) > 
f16g = < 3; (822) > + < 3; (741) > + < 3; (642) > + < 3; (43) >
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