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And yet the mystery of mysteries is to view machinesmaking machines; a spectacle that �lls the mindwith curious, and even awful, speculation.| Benjamin Disraeli:Coningsby (1844)



2 Introduction1. In�nite series of S-functions2. Application to compact Lie groups3. The non-compact Lie groups: Sp(2n;<);SO�(2n) and U(p; q)4. The discrete harmonic series irreduciblerepresentations5. Branching Rules for non-compact groups6. Physical applications require the anal-ysis of plethysms of irreducible repre-sentations of non-compact groups.7. Further S�function identities8. Patterns in plethysms for Sp(2n;<)9. Relationships between irreducible rep-resentations10. Plethysm identities for U(p; q)11. Combinatorial identities12. Concluding remarks



3 1. In�nite Series of S�functionsA = P�(�1) a2 f�g B = P�f�gC = P(�1) c2 fg D = P�f�gE = P"(�1)( e+r2 f"g F = P�f�gL = Pm(�1)mf1mg M = PmfmgP = Pm(�1)mfmg Q = Pmf1mgV = P!(�1)qf!0g W = P!(�1)qf!gAB = CD = EF = LM = PQ = VW = 1 = f0gPM = AD =W; LQ = BC = V; LA = PC = ER C King, Luan Dehuai & B G Wybourne,J.Phys.A:Math.Gen 14, 2502 (1981)



4 2. Application to compact Lie groupsUnitary irreducible representations are all of�nite dimension.U(n)! U(n� 1)f�g ! f�=MgU(n)! O(n)f�g ! [�=D]U(2n)! Sp(2n)f�g ! h�=BiSp(2n)! U(2n)! O(n)h�i ! f�=Ag ! [�=AD]Sp(2n)! O(2n)h�i ! [�=W ]O(2n)! Sp(2n)[�]! h�=V iG R E Black, R C King & B G Wybourne,J.Phys.A:Math.Gen 16, 1555 (1983)



5 3. The Non-compact groups Sp(2n;<); U(p; q)and SO�(2n)Non-trivial unitary irreducible representationsare all of in�nite dimension.Sp(2n;<)! U(n)h12 (0)i ! "12M+h12 (1)i ! "12M�M+ = 1Xm=0f2mgM� = 1Xm=0f2m+ 1gPhysically Sp(6;<) is the dynamical group ofthe three-dimensional harmonic oscillator.R C King & B G Wybourne,J.Phys.A:Math.Gen 18 3113 (1985)



6 4. The discrete harmonic series irreduciblerepresentationsThe groups Sp(2n;<) and O(k) form a dualpair with respect to the metaplectic groupMp(2nk;<) such that the basic irreducible rep-resentation ~� under Sp(2nk;<) ! Sp(2n;<) �O(k) branches as~�!X� h12k(�)i � [�]where the summation is over all � such that�01 + �02 � k and �01 � nLikewise, for the dual pair SO�(2n); Sp(2k)we have ~�!X� [k(�)]� h�iwhere the summation is over all � such that�01 � min(n; k)



7 5. Branching Rules for non-compact groupsSp(2n;<)! U(n)h12k(�)i ! " k2 � ff�sgkN �DNgNN = min(n; k)SO�(2n)! U(n)[k(�)]! "k � ff�sgh2kiN �BNgNwhere N = min(2k; n).R C King & B G Wybourne,J.Phys.A:Math.Gen 31,6691 (1998)R C King, F. Toumazet & B G Wybourne,J.Phys.A:Math.Gen 31, 6691 (1998)



8 6. Physical applications require the analysisof plethysms of irreducible representations ofnon-compact groups.We �nd for the second powers of the basicirreducible representations of Sp(2n;<):-h12 (0)i 
 f2g = 1Xi=0h1(4i)i (1)h12 (0)i 
 f12g = 1Xi=0h1(2 + 4i)i (2)h12 (1)i 
 f2g = 1Xi=0h1(2 + 4i)i (3)h12 (1)i 
 f12g = h1(12)i+ 1Xi=1h1(4i)i (4)Eq. (2) and (3) implyh12 (0)i 
 f12g � h12 (1)i 
 f2g (5)which implies the S�function identityM+ 
 f12g �M� 
 f2g (6)



9 7. Further S�function plethysm identities canbe found.De�neA� = f12g 
 L� B� = f12g 
M�C� = f2g 
 L� D� = f2g 
M�Let Z = A;B;C;D;M;L thenZ+ 
 f12g = Z� 
 f2gand Z 
 f2g = ZZ+ and Z 
 f12g = ZZ�FurthermoreZ+ 
 f212g = Z� 
 f31gto which can be added the generalisationZ+ 
 (f12g 
 f�g = Z� 
 (f2g 
 f�gK Grudzinski & B G WybourneJ.Phys.A:Math.Gen 29, 6631 (1996)J-Y Thibon, F Toumazet & B G WybourneJ.Phys.A:Math.Gen 31, 1073 (1998)



10 8. Patterns in plethysms for Sp(2n;<)h12 (0)i 
 f3g =< s1; (0) > + < s1; (4) > + < s1; (6) >+ < s1; (8) > + < s1; (91) > : : :h12 (1)i 
 f13g =< s1; (13) > + < s1; (41) > + < s1; (61) >+ < s1; (81) > + < s1; (9) > : : :h1(0)i 
 f3g =< 3; (0) > + < 3; (22) > + < 3; (3212) >+ < 3; (4) > + < 3; (42) > + < 3; (422) >+ < 3; (521) > : : :h1(12)i 
 f3g =< 3; (16) > + < 3; (2212) > + < 3; (32) >+ < 3; (414) > + < 3; (4212) > + < 3; (422) >+ < 3; (521) > : : :



11 Theorem:- For any partition � ` r, the corre-sponding r�fold symmetrized power of the as-sociate irreducible representation h12k(�)i� ofSp(2n;<) is such thath12k(�)i�
f�g = ��h12k(�)i 
 f�g�� if k is even;�h12k(�)i 
 f�0g�� if k is odd,(5:25)where the � on the left signi�es a k-associate,while those on the right signify kr-associates.R C King & B G Wybourne,J.Phys.A:Math.Gen 31,6691 (1998)



12 9. Relations between group chains and irre-ducible representations of SO�(2n) and Sp(2n<)SO�(2n)� Sp(2k)  � Mp(4nk) �! Sp(2n;<)�O(2k)??y ??yU(n)� Sp(2k) U(n)�O(2k)??y ??yU(n)� SO(2k) �!  � U(n)� SO(2k)R C King, F. Toumazet & B G Wybourne,J.Phys.A:Math.Gen 31, 6691 (1998)U(p; q) � U(k)  �Mp(2(p+ q)k) �! Sp(2n;<) �O(k)# #U(p; q) �O(k) U(p+ q)�O(k)# #U(p) � U(q) �O(k) �!  �U(p)� U(q) �O(k)



13 10. Plethysm identities for U(p; q)The group U(p; q) contains an in�nite set ofbasic irreducible representationsH = f1(�0; 0)g+ 1Xm=1 (f1( �m; 0)g+ f1(�0;m)g)which may be conveniently divided asH = H+ +H�where H+ = H0 + 1Xm=1 (H2m +H�2m)H� = 1Xm=1 (H2m+1 +H�2m�1)with Hx = f1(�0;x)g and H�x = f1(�x; 0)g



14 It is not di�cult to see from the earlier dia-gram that in terms of their U(p)�U(q) decom-positions thath12 (0)i � H+ and h12 (1)i � H�Recalling thath12 (0)i 
 f12g � h12 (1)i 
 f2gleading immediately to the non-trivial plethysmidentity for U(p; q)H+ 
 f12g � H� 
 f2g



15 11. Combinatorial identitiesThe properties of Lie groups can pro-vide a rich supply of combinatorial identitiesof which I give one for illustrative purposes.It was proved by the late Derek Breach andthe proof lost, given a machine proof, andagain rederived by R C King.3��1 =Xx �� 2�� � 1� 6x�� � 2�� � 2� 6x��� 2�� � 4� 6x�+ � 2�� � 5� 6x��R C King, Luan Dehuai & B G Wybourne,J.Phys.A:Math.Gen 14, 2502 (1981)which returns us to the beginning to Ben-jamin Disraeli's \Coningsby"
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