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The Origins of the Judd-Ofelt Theory of Intensities� Van Vlek's Rare Earth Puzzle 1937� Johns Hopkins 1960� George S Ofelt 1962� Brian R Judd 1962� �One an measure the importane of a sienti� work by thenumber of earlier publiations rendered super�uous by it� DavidHilbert
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Nature Otober 10, 1959 p1117SOLID STATE PHYSICS� A CONFERENCE was held at Melbourne on �Solid StatePhysis� during August 17-21 under the auspies of theAustralian Branh of the Institute of Physis. Grants ... enabledseveral Amerians, a Canadian and three Englishmen to attend.Other States of the Commonwealth of Australia and NewZealand were well represented.� On the third day attention was swung to optial properties ofsolids... The analysis of rare-earth spetra in rystals is gettingsteadily more detailed and very large-sale alulations arerapidly eluidating the details of interations within the feletron shell. ... W. M. LOMER
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J.CHEM.PHYS. V37 AUGUST 1, 1962Intensities of Crystal Spetra of Rare-Earth Ions�G. S. OFELTThe Johns Hopkins University, Baltimore, Maryland(Reeived February 26, 1962)Magneti and eletri dipole transitions between levels of the 4fxon�guration perturbed by a stati rystalline �eld are treated. Theexpression obtained for the pure-eletroni eletri-dipole transitionprobability involves matrix elements of an even-order unit tensorbetween the two 4fx states involved in the transition. Theontributions to the transition probability from interations, via therystalline �eld, with the nd94fx�1; 4fx�1nd; 4fx�1ng on�gurationsare shown to add linearly, in suh a manner as to multiply eah oddk rystal-�eld parameter Aqk by a onstant. If �J mixing� ...
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PHYS.REV. V127 AUGUST 1, 1962Optial Absorption Intensities of Rare-Earth IonsB. R. JUDDLawrene Radiation Laboratory,University of California, Berkeley, Ca.(Reeived Marh 12, 1962)Eletri dipole transitions within the 4f shell of a rare-earth ion arepermitted if the surroundings of the ion are suh that its nuleus isnot situated at a enter of inversion. An expression is found for theosillator strength of a transition between two states of the groundon�guration 4fN , on the assumption that the levels of eah exitedon�guration of the type 4fNn0d or 4fNn0g extended over an energyrange small as ompared to the energy of the on�guration above theground on�guration. On summing over all transitions between theomponents of the ground level 	J and those of an exited ....
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The Basis of the Judd-Ofelt Theory of Intensities� The transitions between states of a fn are eletri dipoleforbidden� Eletri dipole transitions beome possible through the oddparity part of the rystal �eld oupling the states of eletronon�gurations of opposite parity� Seond-order perturbation theory, with losure, is used toprodue a desription of transition probablities in terms ofe�etive operators� The matrix elements of the e�etive operators are evaluatedwithin the fn on�guration
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The Basis of the Judd-Ofelt Theory of Intensities� The e�etive operators are what one would expet from simplesymmetry onsiderations. They involve angular parts and radialparts. In most appliations the angular part is evaluated exatlywith the radial parts being treated as empirial parameters� The angular parts simply re�et the symmetry of the problemwhile the parameters largely bury the physis of the problem� The parameters aommodate many ontributions that are notexpliitly ontained in the Judd-Ofelt formulation
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The Basis of the Judd-Ofelt Theory of Intensities� At the time of the Judd-Ofelt theory (1962) reliable atomiwavefuntions were unavailable for heavy elements suh as thelanthanides, and more so for the heavier atinides� This is no longer the situation and it is time for the Judd-Ofelttheory to move from a onvenient data summarising formulationto a more quantitative theory that re�ets the detailed physis ofthe transitions� Relativisti wavefuntions are now possible and their use inrystal �eld theory and in the extension of the Judd-Ofeltformulation an be seriously explored
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J.CHEM.PHYS. V43 15 DECEMBER , 1965Use of Relativisti Wavefuntions in Crystal Field TheoryB. G. WYBOURNE(Reeived 18 August 1965)The purpose of this paper is to indiate some of the onsequenes ofusing relativisti wavefuntions in rystal-�eld alulations.Substitutional expressions are developed whih permit the alulationof relativisti rystal-�eld matrix elements using LS basis statesfollowing the method of Sandars. In these expressions the angularparts of the matrix elements are evaluated using LS basis stateswhile the radial part uses the radial integrals omputed fromrelativisti Hartree-Fok-type wavefuntions....
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Use of Relativisti Wavefuntions in Crystal FieldTheory� Non-relativisti Hartree-Fok wavefuntions produe radialintegrals for the expetation value of rk for an eletron for anorbital n` of the form Z 10 Rn`(r)rkRn`dr (1)� Dira's equation for an eletron n`j in a entral �eld leads to tworadial funtions, F and G, assoiated with the small and largeomponents of the Dira wavefuntion and whih depend on j.
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Use of Relativisti Wavefuntions in Crystal FieldTheory� The redued matrix element for a single relativisti eletron in arystal �eld beomeshn`j0krkC(k)kn`ji =(�1)j0+12 Z 10 rk(FF 0 +GG0)dr

� [(2j0 + 1)(2j + 1)℄ 12 0� j0 k j12 0 � 12
1A
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Use of Relativisti Wavefuntions in Crystal FieldTheory� In the relativisti treatment the rystal �eld parameters are nolonger independent of j. We have three radial integrals toonsider Rk++ = Z 10 rk(F 2+ +G2+)dr;Rk+� = Z 10 rk(F+F� +G+G�)dr;Rk�� = Z 10 rk(F 2� +G2�)dr:

� ! j = `� 12



5Este, L�adek Zdrój, POLSKA 6 - 11 June 2001 14In relativisti rystal �eld theory we write the rystal �eld operatoras essentially V RCF =Xk;q AkqX�;t bk(�t)W (�t)kqwhere W (�t)kq =Xi w(�t)ki;q (``)and bk(�t) = (�1)�+k+` Xj�;j0�(�1)j0�+ 12 [k℄�12 [�; t℄ 12 [j�; j0�℄

�0� j0� k j�� 12 0 12
1A8>><>>: ` ` t12 12 �j0� j� k
9>>=>>;Rj�;j0� :
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b2(11) = 4(21) 12 ��5R2++ + 3R2+� + 2R2��� =245b2(13) = 4(7) 12 �5R2++ + 4R2+� � 9R2��� =245b2(02) = �2(42) 12 �25R2++ + 6R2+� + 18R2��� =735b4(13) = 4(21) 12 �6R4++ � 5R4+� �R4��� =231b4(15) = 2(2310) 12 ��3R4++ � 8R4+� + 11R4��� =4851b4(04) = 2(77) 12 �18R4++ + 20R4+� + 11R4��� =1617b6(15) = 20(77) 12 ��R6++ +R6+�� =1001b6(06) = �10(462) 12 �R6++ +R6+�� =3003
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Calulation of Radial Integrals� Free ion non-relativisti alulations were performed usingFroese-Fisher's MCHF programme while the relativisti radialintegrals were evaluated using the GRASP2 pakage.� The inner s and p orbitals are ontrated and hene the e�etivenulear harge seen by the f�orbitals is dereased and theorbitals expand.� Whereas in non-relativisti rystal �eld theory the operators atonly in the orbital spae in relativisti rystal �eld theory theyat in the spin-orbital spae. i.e. The tensor operators U(K)beome replaed by double-tensor operatorsW(�k)K .
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An example� Let us assume a rystal �eld potentialV = A02r2C(2)0 +A04r4C(4)0 +A06r6C(6)0 + A66r6(C(6)6 + C(6)�6 ) (1)� For a single f�eletron we have the fourteen statesj 72 � 12i; j 72 � 32i; j 72 � 52i; j 72 � 72i; j 52 � 12i; j 52 � 32i; j 52 � 52 i(2)� andhs`jjjC(k)jjs`j0i = (3)

h`jjC(k)jj`i(�1)s+`+j+kp(2j + 1)(2j0 + 1)8<: j k j0` s `
9=; (4)
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The example ontinued� leading tohs`jmjrkC(k)q js`j0m0i

= h`jjC(k)jj`iRjj0(�1)j�m0� j k j0�m q m0 1A (�1)s+`+j+k

�p(2j + 1)(2j0 + 1)8<: j k j0` s `
9=;
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Example of a rystal �eld matrix for f 1

� = � 12 j 72 � 12 i j 52 � 12 ih 72 � 12 j 521A02R2++ + 977A04R4++ p3(� 2105A02R2+�+ 25429A06R6++ � 10231A04R4+� � 50429A06R6+�)

h 52 � 12 j p3(� 2105A02R2+� � 10231A04R4+� � 835A02R2�� + 221A04R4��50429A06R6+�) (5)
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Relativisti f $ f transitions in rystal �elds� Here we have produts of the eletri dipole and rystal �eldmatrix elements oupling the fN on�guration to those ofopposite parity.� Again, whereas in the non-relativisti Judd-Ofelt theorytransitions depend on the tensor operators U(K) the relativistitreatment leads to double-tensor operatorsW(�k)K .� In the Judd-Ofelt theory the single partile unit tensor operatorsu(n`; n0`0)(kodd) link a ground on�guration orbital n` to anorbital n0`0 in an exited on�guration and losure results insingle partile tensor operators u(n`; n`)(keven).
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Relativisti f $ f transitions in rystal �elds� In the relativisti extension the double tensor operatorsw(n`; n0`0)(��0)k ouple the orbitals and losure results in singlepartile double tensor operators w(n`; n`)(��0)k where again k iseven but �0 is even or odd as � is 0 or 1 respetively.� Note the similarities between the formalism for rystal �eldtheory and the theory of transitions. Both involve similare�etive operators ating within the f�shell though their originsare quite di�erent. The fundamental di�erene omes in theradial funtions whih are very di�erent.
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Relativisti f $ f transitions in rystal �elds� In terms of the angular parts whih re�et the symmetryproperties of f�orbitals the similarity is understandable� In the Judd-Ofelt theory the single partile unit tensor operatorsu(n`; n0`0)(kodd) link a ground on�guration orbital n` to anorbital n0`0 in an exited on�guration and losure results insingle partile tensor operators u(n`; n`)(keven).� In the relativisti extension the double tensor operatorsw(n`; n0`0)(��0)k ouple the orbitals and losure results in singlepartile double tensor operators w(n`; n`)(��0)k where again k iseven but �0 is even or odd as � is 0 or 1 respetively.
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Bak to the Future� It is only in relatively reent times that it has beome possible togive serious onsideration to detailed alulation of suhintegrals. Future work will undoubtedly be more direted to suhalulations and to estimates of the signi�ane of relativistie�ets both for rystal �eld interations and transition intensities.� One expets these e�ets to beome inreasingly important asthe alulations, and hopefully experiments, are made on theheavy atinides. It may well be that in the future studies will bedireted towards alulations in the jj�oupling basis whih isthe natural basis to use when relativistie e�ets beomesigni�ant.
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I don't know� �Had my ompatriot Marie Sklodowska-Curie never said to herself�I don't know�, she probably would have wound up teahinghemistry at some private high shool for young ladies from goodfamilies, and ended her days performing this otherwise perfetlyrespetable job. But she kept on saying �I don't know�, and thesewords led her, not just one but twie, to Stokholm, whererestless, questing spirits are oasionally rewarded with theNobel Prize.�
� Wisªawa Szymborska (Nobel Leture 1996)


