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Abstract. The expansion of the second power of the Vandermonde detaninas a finite
sum of Schur functions is considered.

1. Introduction

Laughlin[1] has described the fractional quantum Hall ffa terms of a wavefunction
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wheren = mN (N —1) and thes, are Schur functions. The coefficierfsare signed integers.
Dunne[2] and Di Francescet al[3] have discussed properties of the expansions while

Scharfet al[4] have given specific algorithms for computing the expansiform = 1 with

N from 2 to 9. The author has extended these resulfs te 10 leading to a number of new

conjectures.

1.1. Expansion of the Laughlin wavefunction

Henceforth we consider the case whete= 1. The partitions,(\), indexing the Schur
functions are of weightV(/N — 1). For a givenN the partitions are bounded by a highest
partition (2N — 2,2N — 4,....0) and a lowest partitiori(N — 1)V~!) with the partitions
being of lengthV and N — 1.

Let

k
=3 Axi—k(k+1)k=01,...,N—1 (4)
=0

Di Francesceet al[3] defineadmissible partitiongs satisfying Eq(4) witkall n, > 0.
They computed the number of admissible partitidnsfor N < 29 and conjectured that 5
was the number of distinct partitions arising in the expamskEq(3),provided none of the
coefficients vanished
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The conjecture has been shown[4] to fail fér> 8. We find the number of admissible
partitions associated with vanishing coefficients as

(N=8) 8 (N=9) 66, (N=10) 389

The coefficients of, ands,, are equal if[2]
(A) =2V =1) = Ay, 2(N = 1) = \p) (5)
We list the 8 partitions fofV = 8 as reverse pairs

{1311 985241} {13109%6531}  (Q1)
{13 11 985422} {1310 987531} (Q2)
{1311 976541} {1210%296531}  (Q3)
{1211 972421} {1210%7%532}  (Q4)
1.2. Theg—discriminant
Let gx = (gx1, qxs, . . ., qry) and theg—discriminant ofx be
Dn(g;x) = JI (2 —qxy) (6)
1<i#j<N
and
Ry(g;x) = JI (zi—qx;)(qei —ay) = > AMg)sa(x) (7)
1<i#j<N A
So that
Vix)= Il (&—2)*=Rn(1;%) 8)
1<i<j<N
Introduceq—polynomials such that
Ry(g;x) =) cMg)sr(x) ©)
A
(_1)N(N—1)/2

Ry(g;x) = S (=" + (=)™
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Such expansions have been evaluated as polynomiajdan all admissible partitions for
N = 2...6 with many examples foN = 7.8, 9.

N=2 [1] q {2}
[-3] —(?+q+1) {17}
N=3 [1] ¢ 142}
[-3] —*(*+q+1) {417} + {3%}
[6] +q(* +q+1)(¢° +1) {321}
[[15] —(*+q+1)(¢"+*+q+1) {2%}
N=4 [1] q° {642}
[-3] —¢°(¢*+q+1) {6417} + {63} + {52}
[6] +q (P +qg+D(P+1) {6321} + {543}
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Q) — ¢ (@ — g+ 1)@+ 1) +q+1)°(1—q)*
Q2+ (¢ —q+ 1)+ (@ +q+1)°(1—q)*
QB)+d"(¢* —q+ 1)+ 1)’ (@ +q+1)°(1—¢)*
QM) +d"(¢*—q+ 1) +q+1)°1—q)

X (@ +¢"+3¢+4¢° + ¢ +4¢" + 3¢ + ¢+ 1)

Note the factofg — 1)* which vanishes fog = 1.

1.3. A conjecture

The following conjecture has been verified to hold for< 10
If a g—polynomial is of the forni—1)?¢?Q(q) then undetN — N + 1

¢— &, p—p+N, Qg — Qq), {A\} = {2N —2,A}

Define
QS(N) =) exlq)
A
then
[N/2] [(N-1)/2]
QS(N)= [ (-3z+1) ] (6z+1)
=0 =0

Di Francesccetal3] establish the remarkable result that the sum of the sguaf the
coefficients of the second power of the Vandermonde with1 is

(3N)!
NI(3)N
What is the corresponding result for thie polynomials? ForV = 4 one finds
¢* 4 6¢% + 22¢% + 58¢%" + 128¢%° + 242¢"°
+ 4184 + 64647 + 929¢' + 1210¢*° + 14904
+ 1670¢" + 1760q¢'% + 1670¢"" + 1490¢'° + 1210¢°
+ 646¢° + 418¢° 4 242¢° + 128¢* + 58¢> + 22¢*> + 6g + 1

Note the polynomial is symmetrical and unimodal! Can theegelresult be found?
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